Abstract. Optical signatures of the effective nonlinear couplings among electromagnetic fields in the quantum vacuum can be conveniently described in terms of stimulated photon emission processes induced by strong classical, space-time dependent electromagnetic fields. Recent studies have adopted this approach to study collisions of Gaussian laser pulses in paraxial approximation. The present study extends these investigations beyond the paraxial approximation by using an efficient numerical solver for the classical input fields. This new numerical code allows for a consistent theoretical description of optical signatures of QED vacuum nonlinearities in generic electromagnetic fields governed by Maxwells equations in the vacuum, such as manifestly non-paraxial laser pulses. Our code is based on a locally constant field approximation of the Heisenberg-Euler effective Lagrangian. As this approximation is applicable for essentially all optical high-intensity laser experiments, our code is capable of calculating signal photon emission amplitudes in completely generic input field configurations, limited only by numerical cost.
Introduction
The vacuum of quantum electrodynamics (QED) is characterized by the omnipresence of quantum fluctuations, effectively providing medium-like properties. Charged particle fluctuations can induce effective interactions between electromagnetic fields giving rise to nonclassical effects, e.g., light-by-light scattering [1] [2] [3] . These vacuum fluctuations supplement Maxwell's linear theory of classical electrodynamics with effective nonlinear interactions, which invalidate the superposition principle for electromagnetic fields.
These nonlinear corrections become dominant for electromagnetic fields exceeding the critical photon energy ω cr = 2m e c 2 / , the critical electric field strength E cr = m 2 e c 3 /(e ) ≈ 1.3 × 10 16 V/cm or the critical magnetic field strength B cr = E cr /c ≈ 4 × 10 9 T; m e ≈ 511keV is the electron mass. These critical values are beyond the specifications of all currently available optical and x-ray laser systems. Nevertheless, peak field strengths of the order of E = 10 −3 E cr and B = 10 −3 B cr can be reached at modern laser facilities, such as CILEX [4] , CoReLS [5] , ELI [6] , SG-II [7] and XFEL at DESY [8] . This is insofar relevant, as field strengths of this order are already large enough to potentially allow for the first detection of all-optical signatures of QED vacuum nonlinearities in dedicated experiments.
For the theoretical analysis of all-optical signatures of quantum vacuum nonlinearities the so-called "vacuum emission picture" provides a particularly intuitive framework [9] . Based on it, we have devised a highly efficient numerical algorithm allowing for the evaluation of photonic signatures of QED vacuum nonlinearities in generic, experimentally realistic laser fields [10] . In our approach, signatures of light-by-light scattering processes are encoded in signal photons induced in the microscopic interaction of at least three laser background photons. As our algorithm automatically keeps track of all possible combinations regarding kinematics as well as polarizations of the photons involved in the effective interaction process, it provides direct access to each single characteristics of the emission signal.
In this article, we study all-optical signatures of quantum vacuum nonlinearities in strong electromagnetic fields employing the Maxwell solver put forward recently in Refs. [10, 11] facilitating first principles studies in electromagnetic field configurations exactly fulfilling Maxwell's equations in vacuum. It has been found, that in particular in scenarios involving the collision of multiple laser pulses, the signal photons mainly originate in the small interaction region where the pulses collide. These signal photons are then detected far away from the interaction region making it easy to analyze their kinematic and polarization properties.
The article is organized as follows: In Sec. 2, we briefly review the "vacuum emission picture" tailored to the theoretical analysis of optical signatures of quantum vacuum nonlinearities. Moreover, we detail our choice of the driving laser fields. An individual laser pulse is chosen to closely resemble the fields of a pulsed paraxial Gaussian beam in the vicinity of the beam focus, but propagated self-consistently according to Maxwell's equations in vacuum. In Sec. 3, we discuss the effect of self-emission from a single laser beam. In Sec. 4, we study photonic signatures of QED vacuum nonlinearities in high-intensity laser pulse collisions. We conclude this manuscript by summarizing our results in Sec. 5.
Theoretical considerations
The present study is based on the vacuum emission picture. In this approach, the laser pulses are treated as background fields, while the signal photons are treated as quantum fields, see Refs. [9, 12, 13] for a more detailed presentation. Throughout the article we use the HeavisideLorentz system with c = = 1 and the metric g µν = diag(−1, +1, +1, +1).
Formalism
At leading order in a loop expansion, the zero-to-single signal photon transition amplitude, to a signal photon state
|0 with wave vector k and transverse polarization p ∈ {1, 2} is given by
Here, Γ
int [A(x)] is the one-loop Euler-Heisenberg effective action [14, 15] and A(x) is the gauge potential of the background electromagnetic field. For laser photon energies ω ω cr , we can base our considerations on a locally constant field approximation (LCFA) of the HeisenbergEuler effective action formally derived in constant fields, yielding
with the single signal photon current
and the signal photon polarization vector * µ
Resorting to spherical coordinates, we express the wave vector of the signal photons k and the unit vectors perpendicular to it as
The latter can be decomposed as
where we introduced the two basis vectors e i ( k) with i ∈ {1, 2}. Equation (5) can be employed to span the two transversal polarizations of signal photons with wave vector k as
Finally, upon plugging eq. (6) into eq. (2) and limiting ourselves to the leading contribution in a perturbative expansion in the field strengths of the driving laser fields, we can express the signal photon transition amplitude as
where we made use of the definition
with
The differential number of signal photons of polarization p is then given by [9] 
Consequently, the total number of signal photons is determined by
Laser fields
Our approach is very general in the sense that it allows for the determination of photonic signatures of QED nonlinearities from generic background field configurations. The latter are assumed to be generated by macroscopic ensembles of real propagating photons, whose propagation is governed by Maxwell's equations in vacuum [10] : A specific background field configuration is specified by an initial set of data points describing the laser fields at a given time t 0 . These input data are then self-consistently propagated with a Maxwell solver, ensuring them to exactly solve Maxwell's equations in vacuum. Here, we choose the initial data for a given laser pulse to closely resemble analytic expressions modeling the electromagnetic fields of a focused Gaussian laser pulse [16] . More specifically, in this article we model the driving laser pulses by the spectral pulse model of Ref. [17] constructed such as to reproduce the zeroth order paraxial result in the limit of weak focusing; for the technical details, see Ref. [10] . In principle, Figure 1 . Illustration of the transverse field amplitude profile of a Gaussian laser pulse as a function of the longitudinal coordinate z. The parameter w 0 denotes the beam waist, λ is the wavelength of the pulse, f describes the focal length and F # its f-number. The parameters f and F # are related via the the entrance pupil D. The total angular spread of the laser photons in the far field is given by Θ, while θ = Θ/2 yields the radial beam divergence. Picture adapted from Ref. [13] .
however, no analytical input is needed. Our numerical code [10] can, for instance, be initialized by the output of standard simulation tools, e.g., a particle-in-cell (PIC) simulation. This is an important advantage compared to previous approaches, where the paraxial approximation was employed in order to model the high-intensity laser pulses, c.f. Refs. [9, 13, [18] [19] [20] [21] for optical signatures of QED vacuum nonlinearities in the collision of two laser pulses.
In Fig. 1 , we recall the fundamentals of laser pulse focusing for a Gaussian beam. Of special interest is the total angular spread Θ 2arctan(
) of the laser photons in the far field. Here, λ is the wavelength, related to the laser photon frequency as ω = 2π/λ. The smaller the beam waist size w 0 = ρλ, with ρ > 0, i.e., the stronger the beam is focused, the larger the angular spread Θ. At leading order paraxial approximation, the electric peak field strength E 0 of a pulsed linearly polarized beam can be expressed in terms of the laser pulse energy W as
, where τ denotes the pulse duration. Note, that leading order paraxial fields are characterized by a single propagation direction (namely the direction of its beam axis) and globally fixed electric and magnetic field vectors. The latter are perpendicular to each other and to the laser's beam axis. In this particular case, all nontrivial features of the laser pulse, such as focusing effects, are encoded in a single field profile; cf. Fig. 1 and, e.g., Ref. [9] for the analytic expressions.
In this article, we aim at a comparison of the results obtained by means of our numeric Maxwell solver [10] with the corresponding outcomes of established methods. To this end, we focus on the following two scenarios: signal photon self-emission from a single focused highintensity laser pulse in Sec. 3, and signal photon emission in the collision of two focused laser beams in Sec. 4. The former scenario was previously studied in Ref. [23] , and the latter in Ref. [13] . For completeness, note that leading order paraxial beams do not exhibit a selfemission phenomenon, due to the fact that both scalar invariants, B · E and B 2 − E 2 , vanish for such fields; for further details, see Ref. [13] . For comparison, we depict the corresponding analytical scaling behavior (11) (grey line). The proportionality constant is fixed by demanding the curve to go through the numerical result for the smallest available divergence θ.
Single-beam scenario
In this section, we study the effect of signal-photon self-emission from a single focused highintensity laser pulse. This phenomenon was proposed as a prospective signature of QED vacuum nonlinearity in Ref. [23] , focusing in particular on the number of emitted signal photons from a laser field focused with a large angular aperture [24] . The calculations in Ref. [23] are based on vector diffraction theory; cf. Ref. [24] for the derivation of the electric and magnetic fields in the vicinity of the beam focus.
In Fig. 2 , we plot the total number of signal photons N tot as a function of the radial beam divergence θ for a high-intensity laser pulse of wavelength λ = 800nm, pulse duration τ = 25fs and total pulse energy W = 25J. The crosses depict our results obtained by our numerical solver using the spectral pulse model [17] . As detailed in Sec. 2.2, the far-field divergence of a laser beam is fully determined by the focusing parameters of the pulse as θ = Θ/2 arctan( λ πw 0 ). Hence, the stronger the pulse is focused, i.e. the smaller the beam waist w 0 , the larger the number of signal photons. In the limit of unfocused beams, i.e., for θ → 0, we recover the case of a single plane wave, featuring perpendicular electric and magnetic fields of the same amplitude. As there is no self-emission from a single plane wave, N tot vanishes for small θ. However, as soon as the pulse is focused, it can no longer be described by orthogonal electric and magnetic fields of the same amplitude, when demanding it to exactly fulfill Maxwell's equations in vacuum. Therefore, effective self-interactions of the laser field are induced stimulating the onset of signal photon selfemission. The scaling of the total signal photon number with the radial beam divergence can be estimated from the analytical result obtained from first-order paraxial fields [10, 25] ,
Fixing the proportionality factor of this scaling using the numerical result for the smallest available divergence θ, the analytical scaling curve is shown as a dashed line in Fig. 2 ; this estimate also matches with the results obtained in Ref. [23] . While the small-angle behavior agrees well with the full numerical result, the deviations occur for increasing beam divergence. Here, the scaling predicted by the first-order paraxial fields is no longer sufficient and underestimates the true behavior obtained by our numerical solver. The stronger a laser Figure 3 . Total number of signal photons N tot (left) attainable for two identical high-intensity laser pulses (w 0 = λ = 800nm, W = 25J, τ = 25fs) colliding under an angle ϕ coll . The inset highlights the substantial deviations of the paraxial and spectral results for small collision angles.
The differences between the two approaches are particularly pronounced in the results for the number of signal photons polarized perpendicularly to the driving laser pulses in the beam foci
pulse is focused, the larger the spread of the wave vectors of the laser photons, and thus the stronger the macroscopic electric and magnetic field components of the laser field which are not orthogonal to its beam axis. Reliable quantitative estimates for self-emission from strongly focused pulses hence requires a self-consistent description of the laser pulse.
Two-beam scenario
Next, we focus on the collision of two identical laser pulses being polarized perpendicular to the collision plane in the beam focus; the beams are assumed to be perfectly synchronized and are focused exactly to the same spot. More specifically, we compare results obtained with our numerical code, propagating the driving laser fields self-consistently according to Maxwell's equations in vacuum, and using the leading-order paraxial approximation to model the driving laser fields. Each of the laser pulses is assumed to have a pulse energy of W = 25J, a pulse duration of τ = 25fs and a wavelength of λ = 800nm. Moreover, both pulses are focused to the diffraction limit, such that w 0 = λ. Our findings are displayed as a function of the collision angle ϕ coll in Fig. 3 . Here, we study both the total number of attainable signal photons N tot as well as the number of signal photons polarized perpendicularly to the incident laser beams N ⊥ . A vanishing collision angle ϕ coll = 0 corresponds to two co-propagating beams, while ϕ coll = 180 • amounts to a head-on collision.
The clear deviations in the result for N tot for small collision angles can be explained by the fact that the zeroth order paraxial approximation does not at all account for the effect of signal photon self-emission. Nevertheless, for larger values of ϕ coll both approaches yield compatible results for N tot , thereby substantiating previous predictions based on the paraxial approximation [13] . Substantial differences occur for the number of perpendicularly polarized signal photons N ⊥ : a calculation employing paraxial fields predicts a spurious maximum at ϕ coll ∼ 130 • rather than a smooth increase in N ⊥ as predicted by the field configuration selfconsistently propagated with our numerical code. These deviations can be explained as follows: The quantity N ⊥ accounts for signal photons being polarized perpendicular to the polarization vector e E of the incident laser beams in the beam focus. Hence, the number of perpendicularly polarized signal photons is given by N ⊥ = d 3 N (p) ( k) βp(ϕ,ϑ) with the direction dependent angle β p (ϕ, ϑ) fixed such that e ⊥ (β p ) · e E = 0 [9, 10, 13] . Within the paraxial approximation the polarization vectors of the incident laser pulses are globally fixed. Hence, all laser photons are formally described by a single polarization vector, which -in our case -is pointing perpendicular to the collision plane. The situation is completely different for the case of laser pulses fulfilling Maxwell's equations in vacuum exactly. Away from the laser focus the polarization vectors of the laser photons naturally feature polarization components perpendicular to the polarization vector in the focus. Consequently, no global polarization vector exists and differences in the result for N ⊥ , based on a fixed definition of the polarization direction, are not too surprising. However, these observations clearly underpin the necessity of a careful and critical reassessment of predictions based on paraxial fields before their actual promotion as prospective signatures of QED vacuum nonlinearities; for more details we refer to Ref. [10] .
Summary
In this article, we have exemplified the great potential of our new numerical tool [10] tailored to study all optical signatures of quantum vacuum nonlinearities by applying it to two specific scenarios previously discussed in Refs. [13, 23] . As our code propagates any given initial field configuration self-consistently according to Maxwell's equations in vacuum, it goes substantially beyond many previous studies, modeling the driving laser fields by approximate solutions of Maxwell's equations. We have demonstrated that the deviations between the results based on exact and approximate solutions of Maxwell's equations in vacuum to model the driving laser fields can be unexpectedly large for specific scenarios. Clear deviations are in particular encountered in the study of critically polarization sensitive quantities, such as the attainable numbers of signal photons scattered into a perpendicularly polarized mode.
To sum up, the advent of petawatt-class high-intensity laser systems has brought QED vacuum nonlinearities closer to detection than ever before.
Especially in combination with polarization-and direction sensitive single-photon detection schemes, measuring optical signatures of QED vacuum nonlinearities seems to be within reach at modern high-intensity laser facilities. This would constitute the first discovery of QED vacuum nonlinearities in macroscopic electromagnetic fields in a well-controlled laboratory experiment for the first time. As precision experiments require accurate quantitative theoretical predictions of the effects to be searched for, we expect our new numerical code to play a major role in this endeavor.
